ON THE STONE- WEIERSTRASS THEOREM 



SILVIU TELEMAN 



1. Introduction 

The aim of this paper is to extend the Stone- Weierstrass Theorem into 
the framework of the general C*-algebra theory. 

To be more precise, let A be any unital C*-algebra and B C A any C*- 
subalgebra containing the unit element 1 £ A. 

Let F{A) be the set of the factorial states of A, and P{A), which is a 
subset of F{A), be the set of the pure states of A. 

As generalizations of the (commutative) Stone- Weierstrass Theorem, one 
makes the following conjectures within the framework of the theory of C*- 
algebras: 

Conjecture 1.1. If B separates P{A), then B = A. 
Conjecture 1.2. If B separates F{A), then B = A. 

Of course, a positive solution of Conjecture 1.1 immediately implies a 
positive solution of Conjecture 1.2. 

Conjecture 1.2 was proved in 1984 by Longo (see [1(1]) and Popa (see [12]) 
under the assumption that A is separable. 

In this paper we shall prove Conjecture 1.2 without any separability as- 
sumption, extending in this manner the result of Longo ant Popa to arbitrary 
C*-algebras. 

Conjecture 1.1, in the commutative case, is equivalent to the Stone- 
Weierstrass theorem; it is open, in the non-commutative case, even for sep- 
arable C*-algebras. 

The paper is divided into three parts: Section 2 presents general results re- 
lated to the Stone- Weierstrass Problem; Section 3 presents results obtained 
under the additional assumption that B separates P{A); Section 4 is ded- 
icated to a very short proof of our generalization of the Stone- Weierstrass 
Theorem. 

2. General Results Related to the Stone- Weierstrass 

Theorem 

2.1. For any unital C*-algebra A, we shall denote by S{A) the set of its 
states: it is a convex subset of the Banach dual A* of A, compact in the 
if;*-topology a{A*;A) of A*. By P{A) we denote the set of the pure states 
of A. We have that P{A) = exS{A). By F{A) we wih denote the set of aU 
factorial (primary) states of A. We have that P{A) C F{A). 
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For any / G S{A) we shall consider the associated GNS-construction, 
giving a cyclic representation irf. A ^ C{Hf), with the canonical cyclic 
vector G Hj, for which 

/(a) = (vrKa)^? | for a G ^. 

We recall that by the GNS-construction, one associates to / the norm- 
closed left ideal 

Lf = {aGA;fia*a) = 0}, 
and on A/Lf one introduces the scalar product 



(1) {ef{a)\ef{b)) = f{b*a) ioTa,beA, 

where Of: A — )• A/Lf is the canonical quotient mapping; the associated 
Hilbert space -ff/ is obtained by completing the quotient space A/Lf with 
respect to the associated norm, derived from the scalar product (1); the 
associated representation vrj : A — C{Hf) is obtained by extending, by con- 
tinuity, the mapping 

■Kf{a): A/Lf ^ A/Lf, 

given by 

'Kf{a)9f{h) = 9f{ab) for a,6 G A, 

to Hf. 

We shall prove now 

Proposition 2.1. Let vr: ^ — t- C{H) he any representation of A and let 
f G S{tt{A)) be any state ofir^A). Themrfon : A — C{Hf) can he identified 
rith the representation irfon, corresponding hy the GNS-construction to the 
state /o TT G S{A). 

Proof. Let us denote f o n = g. Then we have the equalities 

Lf = 'JT{Lg) and Lg = TT^^{Lf), 

which are easy to prove. 

We obtain the following commutative diagram 

A ^ A/Lg 

TT e 
n{A)—^^{A)/Lf 

where 9: A/Lg — t- Tr{A)/Lf is given by the formula 
9{eg{A)) = 9f{9{a)) for a e A. 
It is easy to see that the definition is correct. From 
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(efiTTia)) I OfiTTib))) = f{n{brn{a)) 
= f{<h*a)) 
= g{h*a) 

= {9g{a) I Ogib)) for a,6 G ^, 
it follows that 6 extends to a unitary operator 

e-.Hg^Hf, 

for which we have 

e{^g{a)9g{h)) = 9{eg{ab)) = Ofi^iah)) 

= ^y(^(a))0;(7r(6)) 

= Tif{-K{a))e{eg{h)) for a,heA. 

This gives that 9 o TTg{a) = 7rj(7r(a)) o 9 for a £ A. The Proposition is 
proved. □ 

Similar constructions and notations will be considered for any non-zero 
positive f £ A*, with the result that, in general, ||/|| = for / e A*^. 

2.2. Following the idea of L. de Branges, which he used in proving the 
commutative version of the Stone- Weierstrass Theorem (see [•'")]), let us now 
consider the set 

iV = {/GA:r = /,||/||<1,/|b}. 

It is a compact convex subset of If B ^ A, then ^ {0} and for any 
/o e exTV, we have ||/o|| = 1. 

Let /o = /i — /2 be the Jordan-Hahn-Grothendieck decomposition of /o 
(see [11, Theorem 3.2.5]). Then ||/i|| = ||/2|| = I and 2/i e 5(A), 2/2 G 

SiA),fi\B = f2\B- 

Since 

II/1-/2INII/1II + II/2II, 
it follows that the states 2/i and 2/2 are orthogonal (see [18, Lemma 6]). 
Let us define 

(2) f = fi- f2. 

By a theorem of Godement (see [15]; and also [10, Theorem 4.1]), it follows 
that the representation vrj identifies with 

with the cyclic unit vector 

^/ = -^(^2/1. ^2/2)- 
We shall consider the orthogonal projection 
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and 

el.Hf^(BHf^^{0}®Hf^, 
for which we have Cj^, G 7rj(A)'. With an obvious notation we have 

We shall also consider the orthogonal projections ef G 7rj-^{B)' and G 
^/2(-S)'i given by 



Then we shall have 



and 



Since (2/i)|b = (2/2) |_b = /|_b, there exists a uniquely determined partial 
isometry 

v: Hf^^ Hf^, 

such that 

V7rf,{b)e2f,=7rf,m2f,forbeB, 
and w*w = ef , vv* = e^. The orthogonal projection G ■Kf{B)' is given by 



We shall have V7rj^(6) = 'Kf^{b)v for b G B. 
Proposition 2.2. 1/Ke /iat;e 

1 fef V* 



2 \ V e. 



Proof. (a) For any b £ B, we have 

2 V ^ ef ; V^/, (6)^2°/, 2 V^vr;, (b)^, + ef vr;, (6)4 



2/2 



and this shows that 



^ 1 /ef V* 
'^-2U ef 
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(b) Conversely, assume that 65(^1,^2) = 0. Then we have 
(vr/,(&)e2°/J a) + (vr/,(6)^2°/J 6) = 0, 
for any b & B, and this gives that 

(^/i(&)^2/i I 6) + {vTTf.m'f^ I 6) = for b G B- 
therefore, 

(^/iWe^/i + =ofor6GS. 

It follows that 

ef(6+^*6) = 0, 

and this implies that 

ef 6 + v*^2 = 0. 



We immediately obtain that 
and this gives 



^^6 + ef 6 = 0, 



The Proposition is proved. 



2 V ef / V 6 



□ 



2.3. Let now fii, H2 be two Radon probability measures on S{A), such that 
their barycenters be 

6(/ii) = 2/i, 6(/i2) = 2/2. 
Let fj, = + fi2)- Then 

&(^) = /• 

Let : L-(/ii) ^ J^,,, : ^^(^2) ^ vr/,(^)' and 

be the associated Tomita mappings, given by 



/ ipXA{A)dfii = {K^,{ip)7Tf^{a)f2f, I ^2/1) for a G ^ 
JS{A) 

/ ipXAiA)dfj.2 = (i^/.2(¥')^/2(a)?2/2 I ^2/2) for a£ A, and 

/ ^XA{A)dfi = {K^{^)Tif{a)ef I for a e A, 
JS(A) 



IS{A) 

where AA(a) : S{A) — )• C is given by 

\Aia)if) = fia)foraGA,fGSiA). 
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It follows that, for a £ A, 

{K^{^)iTf{a)ef I = I v\A{a)d^^ 

Js[A) 



^ Js(A) ^ Js(A) 



i2 

ISiA) ^ JS{A) 



((K,,{^) W^/,(a) Vo|,o\ 



and this shows that 



KM 



KM 

for any bounded Borel measurable function ip: S{A) — t- C. 

2.4. We shall characterize now the closure of the vector space \a{B) in 
L^(^). Let S L°°{fi) be such that 



(3) / ipXA{b)dfi = for 6 G 

Js(A) 



IS{A) 

without loss of generality, we can assume that Tp = ip and lli/^lloo ^ 1- 
From eq. (2) we infer that 

eBK^{p)eB = 0, 
and this, with Proposition 2.2, gives 

(4) e^K^e^ +v*KMv = {), 

(5) e^KMv + v*KMe'' = 

(6) vK^^ (V5)ef + ir^2 {'p)v = 0, and 

(7) vK^v* +e^KMe'' = 

Of course, any of these four equalities implies the othes three. We shall 
show that (any of) these equalities implies that the operators K^-^ (ip) and 
K^^{p) are scalar. 

Indeed, let pi : S{A) — t- C and p2 : S{A) — t- C be two bounded Borel 
measurable functions. We shall prove now 

Proposition 2.3. // 

(8) e^KM)e^ =v*KM)v, 
then there is an a £ C such that 

K^^{pi) = a-lHi and K^^{p2) = a • 2/^2. 
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Proof. We have 
and 

efK^^{a-l + /3ipi)ef=v*K^^{a-l + /3ip2)v, 

for any a, /3 € C. It follows that we can assume that < ipi < 1 and 
0<ip2<l. 
Let us define 

/((«) = ^ (^^m(^i)^/i(a)e2°/, I e2°/J for a G A, and 
/2(«) = I {K,,{ip2)nf,{a)ey^ I ^2°/,) for a G A, 
We shall have f[£A*,f^e A* and 

< /( < /i, < < /2. 

We have 

/((&) = ^(^.i(^i)vr/,(6K2\ 1^2°/,) 

= i(efif^,((^i)efvr,^,(6)e2°/je2°/J 

= ^(^*i^^,((/.2)w^,(fe)e2\ Ie2°/J 

= ^(K^,((^2)vr/,(6)e2°/je2°/J 
= for b G i?; 
Hence, f[\B = flils- If we define 

/i' = fi- f[, 

f2 = /2 - /21 

then /{' and /2 are positive linear functionals on A, such that = /2 Is- 
It follows that we have the decomposition 

(9) /O = /l - /2 = {f[ - /2) + {fl - /2 ) • 

After an evaluation of the norm, we shall compare the decomposition in 
eq. (9) with the fact that /o G ex N. 
First of all, we have 

ll/(-/2ll< 11/111 = 11/211 

(10) = I (^m I chJ + 1 {K,, (¥^2)^2°/, I e2°/J 

where we have taken into account eq. (8). 
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We shall consider now the weak operator continuous "extensions" of f[ 
and /a to 7r/(A)", given by 

Fi{x) = ^{K^,{ip,)x'e2f,\e2f,) and 



for 



and the weak operator continuous "extension" of /o to 'iTf{A)" is given by 

Foix) = \ [{x'ilj, I - {x"ilf, I , 

for any x e 7r/(A)". We have /o = -fo o ttj. 

Prom [14, p. 31], it follows that there exists a projection p G 7rj(yl)" of 
the form 

^=(o 

where G 7rj-^(j4)" and G Tif^(A)" are projections, such that 

Fo(2p-l) = 1. 

This will give 

l = Fo(2p-l) 

= \ ((2p' - 1)^2°/, I e^^/j - \ {{2P" - mh, I e^f,) 

= \\p%M'-\\p'%,f, 

from which we immediately infer that 

With the Density Theorem of Kaplansky, we shall have 

ll/{-/2ll = ll^^-i^2ll 

>{F[-F^){2p-l) 

(11) = I {K,Avi)e2f, I ^2°/,) + \ {K,A^2)e2s, I iif,) 

= {K,AV>l)f2f,\f2fJ 

= (^M.(v'2)d/je2°/J- 

Prom eqs. (10) and (11), we obtain 

ii/(-/^ii = (^..(^i)^2°/je2°/J 
= (^/..(^2)e2°/je2°/J. 



^See Section 3.3 for another proof of this result. 
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Similary, we obtain 

From eqs. (9), (12) and (13), because /o G exN, we immediately infer that 

(14) f[-f2 = (^m (V^i)^2/, I ^2f,) (/i - /2) and 

(15) /(' - = [1 - K,, ((^1)^2^ I ^2°/.] (/l - /2). 

Since we have that 

(16) II/1-/2II = 11/(11 + 11/211 and 

(17) ii/r-/2ii = ii/rii + ii/2ii, 

from eqs. (16) and (17), and from the uniqueness of the Jordan-Hahn- 
Grothendieck decomposition, we obtain that 

f'l = ^fl, /2 = ^f2, 

/(' = (l-A)/i, /^ = (i-A)/2, 

where 

A = {K,,{^i)e,f, I ^2°/,) = (^^2(^2)^2°/, I ^2/j • 

From the uniqueness of the representation of the dominated positive linear 
functionals, we obtain that 

K,Am)={K^,{^,)e2f,\e2f,)lHr, 

and 

K,,{ip2) = {K^,{^,)e2f,\e2f,)2H„ 

as scalar operators in C{Hf^), respectively in C{Hf^). The Proposition is 
proved. □ 

Under the assumptions of thef preceding Proposition, assume moreover 
that the measures /^i and ^2 are simplicial. Then the Tomita mappings i^^^ 
and ir^2 are injective (see [16, Proposition 3.1, ii]). It follows that 

(18) v?! = a • 1, in L'^{fii) and 

(19) (^2 = «• 1, inL°°(//2), 



with a = [K,,i^,)e2j, I e2f,) = [K^,{^2)e,^, I e2°/j- 

2.5. Let us now return to eqs. (4) to (7). From Proposition 2.3 it follows 
that if the measures /Ui and fi2 are simplicial, then 

(20) 99 = a • 1, in L°°(/Ui) and 

(21) ^ = -a-l, inL°°(/i2), 
where 

a = {K,Me2f, I C2°/J = - {KMe2f, I C2°/J • 
We can prove now the following Proposition. 
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Proposition 2.4. Assume that the measures fii and fi2 are simplicial. Then 
the following are equivalent: 

(a) The measures /ii and fi2 are disjoint; 

(b) The subspace Xa{B) is not dense in L^{fi). 

Proof, ((a) =^> (b)). If the measures /.ii and fi2 are disjoint, then there exists 
a (bounded) Borel measurable function ip: S{A) — )■ R, such that 

9? = 1 in and 

V9 = -lin L°^(m2). 

It follows that 

/ ^^A{b)d^ = \ I ^\A{b)dni + ]- j ip\A{b)diJL2 
JS{A) ^ Js{A) ^ Js{A) 

If If 

\A{b)dfii - - XA{b)d^2 



2 Js{A) 2 Js(A) 

= h{b)-f2{b) 
= 0, 

for any b £ B. This shows that Xa{B) is not dense in L^(/i). 

((b) =^ (a)). If Xa{B) is not dense in L^{fi), then there exists a function 
V? G L'^{fi), such that Tp = ip, \\^\\oo = 1, and 

/ ipXA{b)dfi = for 6 G B. 
Js(A) 

From eqs. (20) and (21) it follows that |a| = 1, and = ±1 in L°°(/ii), and 
= =F1 in L^{fi2)- It follows that and /Li2 are disjoint. The Proposition 
is proved. □ 

We can prove now the following Proposition. 

Proposition 2.5. // the measures fii and ^2 have barycenters b{^i) = 2/i 
and 6(/i2) = 2/2 and if they are simplicial, then they are disjoint. 

Proof. Assume that the measures /xi,/i2 are simplicial and not disjoint. 
Then, by Proposition 2.4, the subspace Xa{B) is dense in L^{ijl). It fol- 
lows that for any ■0 G L^in) there exists a sequence (6n.)n>o in B, such 
that 



n— >oo 



lim / \XA{bn) - ip\dfj, = 0. 
IS(A) 



It follows that 



lim / |A^(6„) — ipldfii = and 
J SiA) 



lim / \XAibn) - 'il^\dfj,2 = 
" IS(A) 
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Since 



XA{bn)dfli = / XA{bn)dfl2, n > 0, 
S{A) Js{A) 

it follows that 

JS{A) Js{A) 
for any ip £ L^{^). In particular, we have 



S{A) Js{A) 

for any a £ A, and this gives fi{a) = /2(o), for any a £ A. It follows that 
/o = 0, contrary to the assumption. The Proposition is proved. □ 

Remark 2.6. Below we shall prove that the condition that the measures ni 
and iJ,2 be simplicial can be dropped. 

Proposition 2.7. // the measures fii and ^2 ore simplicial, then a function 
if £ L^ifJ-) belongs to the closure Xa{B) of Xa{B) in L^{fi) if and only if 



ifdfii = / ipdfj,2- 
5(A) JsiA) 



Proof. If if £ Xa{B), then there exists a sequence in B, such that 

lim / \XA{bn) - ^\di-i = 0. 
Js(A) 



It follows that 

(22) lim / \XA{bn) - ifldfn = and 

Js(A) 

(23) lim / \XAibn) - ip\dfi2 = 0- 

Js(A) 



Since 



XA{bn)dHl = / XA{bn)dfl2, n > 0, 
IS{A) Js{A) 

from eqs. (22) and (23) we infer that 



(24) / (fdfii = / (pdfi2- 

JS{A) Js{A) 

Conversely, if eq. (24) holds for a function ip £ L^{fi), then we have 

il^^pd^ = 0, 

S{A) 

for any ■0 £ -^°°(/^)) such that 

(25) / 'il^XA{b)dfi = 0, b£B. 
Js{A) 
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Indeed, from eq. (25) it follows that 

ip = a • 1 in L°°(^i), and 
= —a ■ 1 in L°°(//2), 

where a £ C 
If follows that 

If If 

tpipdfi = - tpifdfj-i + - ipipdii2 



S{A) 2 75.(^) 2 J5.(^) 

^ / ifdfii - ^ / Vdn2 
^ JS{A) ^ Js{A) 

0, 



and this implies that ip E Xa{B). 
The Proposition is proved. 



□ 



Proposition 2.8. For any i = 1,2, if the measure is simplicial, then 
Xa{B) is dense in L^{ni). 

Proof. We can assume that both measures fii and /i2 are simplicial. Let 
ip: S{A) — >■ C be a bounded Borel measurable function, such that 



Is( 



ipXAib)dfii =0, b e B. 

IS{A) 

From Proposition 2.5 we infer that there exists a Borel measurable subset 
D C S{A), such that 

^i(Z)) = l, ^2p) = 0. 

Then we have 

/ XDfXA{b)dfj, = 0, be B, 
JS(A) 

and, therefore, 

Xd^ = a • 1 in L°°(;Ui), and 

XDV' = -a • 1 in L°°{fJ-2)- 

It follows that = 0, and, therefore, if = xdV = in L°°(;Ui). Similar proof 
for ^2- The Proposition is proved. □ 

2.6. Let us now consider the restriction mapping r: S{A) — t- S{B). It is an 
affine continuous surjective mapping of the compact convex set S{A) onto 
the compact convex set S{B). 

We shall consider the direct images 

u = r^{^), zyi=r*(/ii), i^2 = r*{fi2), 

as Radon measures on S{B). We shall have 

(26) u = ^iui + i^2) 
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and 

b{u) = h{vi) = h{u2) = r{f) = r(2/i) = r(2/2). 
We prove now 

Proposition 2.9. For any i = 1,2, if m is simplicial, then 

(a) Vi is simplicial, and 

(b) the composition mapping r*: L^{vi) — )• U'{iii), given by 

r*{tp)=^or, ip € LP{iyi), 
is an isomorphism of Banach spaces, for any p E [1, +oo]. 

Proof, (a). With an obvious notation, we have to prove that Xb{B) is dense 
in L}{vi). If ^ G L°°{ui) is such that 



/ '4)XBih)dvi = b€B, 
Js(B) 



IS{B) 
then 

/ {tl^ o r)XA{b)dfMi = 0, beB, 
JS{A) 

and Proposition 2.8 implies that o r = in L°°{fii). It follows that 

= in L°°{i^i). 

(b). Since 

rl{XB{B)) = Xa{B) C rl{L\u,)) C L^fn), 

from Proposition 2.8 we infer that 

rliL\i.,))=L\f,i). 

From [18, Theorem 12], we infer that r* is an isomorphism of Banach spaces, 
for any p G [1, +oo]. □ 

2.7. For any i = 1,2, we shall identify the representation T^r{fi) with 

7T,(^f^y.B^C{efHi), 

given by 

^rif,)ib) = ^db)ef, beB, 
with the cyclic vector ^2/.) whereas T^rif) will be identified with 

given by 

TTr(f){b) = 7rf{b)eB, b£B, 
with the cyclic vector although 

r(/)=r(2/i)=r(2/2). 

Proposition 2.10. For any i = 1,2, if fii is simplicial, then 
(a) A^,(L-(i.,)) = efJf^,(L-(/i,))ef, and 
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(b) the mapping 

is injective. 
Proof, (a). For any ip G L°°{ui), we have 

/ ipXB{b)dui= {ijor)XA{b)dni, beB, 

JS{B) JSiB) 
and this shows that 

for any b £ B. 
It follows that 

(27) K,^{^P) = efK^^{^Por)ef, 

and this implies that 

Let now x £ K ^.{L°° {^i)); then there is a G L°°[^i) such that K^^{ip) = 
X. From Proposition 2.9 (b), we infer that there is a ip £ such that 

(f = ip o r. From eq. (27) we obtain 

efxef = efK^Mef = efK^M ° r)ef = K^M G K^^L^i,,,)), 
and this shows that 

efK,,,(L-(^,))ef CK.,(L°°(^.))- 
(b). We have to prove that x S vrj. (A)' and 

efxef = 

implies that x = 0. It will be enough to prove that x € TTf.{Ay , x* = x and 
efxef = implies that x = Q. 

Let then Cj C vrj. (A)' be any abelian von Neumann subalgebra, such that 
X £ Ci and let /ij be the corresponding orthogonal measure on S{A), such 
that 6(^0 = 2/, and K^^iL'^im)) = Q. 

Then fii is simplicial (see [16, Theorem 3.1, Corollary 1]), and, therefore, 
Vi is simplicial, by Proposition 2.9 (a). It follows that K,^^ is injective (see [16, 
Proposition 3.1]). Since x £ Ci, there is a 99 E L°°{^i) such that K^.[ip) = x. 
By Proposition 2.9 (b), there is a ^ G L°°(z/j), such that ^or = 93. It follows 
that 

= efxef = efK^^{^)ef = efK^^{^ o r)ef = K^M. 

and these equalities imply that = 0, because -ftTjy. is injective. It follows 
that = 0, and, therefore, x = 0. The Proposition is proved. □ 
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2.8. From eq. (26) we obtain 

and this, by the Radon-Nikodym Theorem, imphes that there exist Borel 
measurable functions 

di: 5(S) ^ [0,2], i = l,2, 

such that 

vi = div, V2 = d2i'-, and di + d2 = 2. 
Since b{v) = b{i'i) = h{v2), we infer that 

/ \B{b)dvi = [ \B{b)dv2 = [ \B{b)dy, b G B, 

Js{B) Js{B) JS{B) 

and this gives 

/ {I- di)\B{b)dv = b€B,i = 1,2. 

JsiB) 

This imphes that 

(28) / {l-dior)XA{b)dfi = 0, beB,i = 1,2. 
Js(A) 

Assuming that the measures fii and fi2 are simphcial, from eq. (28) and from 
the results obtained in Section 2.5, it follows that there are Borel Measurable 
sets Ei,E2C S{A), such that EinE2 = 0, EiUE2 = S{A), and 

MEi) = = 1, ME2) = fi2{Ei) = 0, 

and real numbers ai,a2, such that 

l-dior = ai{xEi-XE2), i = l,2. 

It follows that 

(29) dio r = {1 - ai)xEi + {1 + ai)xE2, i = l,2. 
Since di o r + d2 o r = 2, it follows that 

(30) ai + 02 = 0. 

We shall show that the sets Ei and E2 can be chosen to be independent 
of the measures //i and fi2, assumed to be simplicial. 

Indeed, let us consider again the projection p, introduced in Section 2.4. 
Since we have 

(31) ^(^2^,0) = (^2^,0) and 

(32) p(0,C2°/J = (0,0), 

from [11, Lemma 2.4.2], we infer that there exists a y G [{ir f{Ay_^_)a-) g, such 
that 

y(l -p)(e2/,,0) = y(l -p)(0,^0/J = (0,0), 

and 

(1 - y)p(e2°/,,0) = (1 - y)p(0,C2°/J = (0,0). 
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It follows that 

2/(^2^,0) = (^2^,0) and 
2/(0,^2°/,) = (0,0). 

Since y belongs to the Baire enveloping C*-algebra of 'TTf{B) in C{H), from 
[11, Theorem 4.5.9] it follows that there exists a z in the Baire enveloping 
C*-algebra of A in ^4**, such that < z < 1 and vr/(-z) = y, where vi"/ is the 
normal extension of vrj. 

Let Xa{z): S{A) — )• [0, 1] be the Kadison functional representation of z. 
As in [24] (see also [11, Corollary 4.5.13] and [17]) one can show that the 
barycentric calculus holds for Xa{z), and this implies that 

(33) / Ayi(z)d/ii = 1 and / A^(z)d//2 = 0, 

Js(A) Js{A) 

for any Radon probability measures ni, /.f2 on S{A), such that 

6(/ii) = 2/i, 6(/i2) = 2/2. 

As above, let 

and define 
and 

Eo = {xeS{Ay,x{z) = 0}, 
where x is the normal extension of x. Then we have that 

Hi{Ei) = l, ^1(^2) = 0, ;U2(^i) = 

and 

/i2(^2) = /U2(^0) = 1. 

Let us define 

u = 2z-l. 

We have the following 

Proposition 2.11. Xa{u) = xEi — XE2 -^^(/^)- 
Proof. We have 

/ \Xa{u) - {xe^ - XE2)\dfJ-i = \xEiXa{u) - XEi\dfii = 
JS(A) Js(A) 



M = ^(/^l +/^2), 



Ei = {xe S{A);xiz) = 1} , E2 = C^i 



and 



/ \Xa{u) - {xEi - XE2)W2 = / \xEiXa{u) - XE1W2 = 
JsiA) JS(A) 



IS{A) JS{A) 
and the Proposition is proved. □ 
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2.9. Let us now return to eq. (29). We have 



and 



1 — «! = / {di o r)d^i 
Js(A) 



S{A) 

didui 



SiB) 
S{B) 



didv 



{di o r)'^dfi 

SiA) 



/ [(1 - ai)^X5i + (1 + aO^XEa]^^/^ 
JsiA) 



1 I 2 



5(A) 

d2du2 



SiB) 
S{B) 



d\dv 



{d2 o r)'^dfi 

S{A) 



/ [(1 - a2)^X52 + (1 + a2)'^XE2W 
JS(A) 



IS{A) 

^(1-Q2)2 + 1(1 + ^2)2 

1 + 



The system of equations 

01+02= 0, 0;^ + ai = 0, Q!2 — 02 = 

has the solutions 

(a) ai = a2 = 0, and 

(b) ai = -1,02 = 1- 
We prove now 

Proposition 2.12. Case (a) holds for the simplicial Radon probability mea- 
sures fii and fj,2 if and only if we have 

(34) m = £2/1 and ^2 = ^2h- 
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Proof. If ai = 02 = 0, then dior = d2or = l and, therefore, v = ui = U2- 
It fohows that for any bounded Borel measurable functfon S{B) — )• C, 
we have 

/ ■ipXB{b)dui = / ilj\B{h)dv2, beB, 

Js{B) Js{B) 

and this gives 

{i;or)XA{b)dfii= {^j o r)\A{b)d^i2, beB. 
S(A) Js{A) 

It fohows that 

{K^,{^Por)7rf,{b)e2f, I ^2^) = {K,Ai^or)7Tf,{b)e2f, \ ^2°/,) , 
for any b £ B. We infer that 

{efK,,{i;or)ef7rf,{b)f2f, I ^/J = (e?i^^,(V' « O^f vr/,(6)e2°/, I ^2°/.) 

= {e^K^Ai^or)v7rf,{b)e2f,\ve2f,) 

= {v*K,, o r)viTf, mlf, I ^2°/J ^b^B. 

This immediately gives that 

(35) efK^,{il,or)ef = v*K^,{il,or)v, ^PeC^iu). 

From Proposition 2.3, we infer that ip o r = a ■ 1 in L°°(/Ltj), where a G C, 
for any ip G £°°(z/), and any i = 1,2. From Proposition 2.9 (b), we infer 
that Hi = £2/1 and ^2 = £2/2- 

Conversely if eq. (34) holds, then v = i^i = 1/2 and di = d2 = 1. 

The Proposition is proved. □ 

Let us now assume that case (b) holds. Then we have that 

(36) di o r = 2xei, and 

(37) d2or = 2xE2- 
We can prove now 

Proposition 2.13. // case (b) holds for the simplicial Radon probability 
measures /ii and ^2, then the measures vi and V2 are disjoint and did2 = 0. 



Proof. From eqs. (36) and (37) it follows that {di o r)[d2 o r) = on S{A). 
Since r is surjective, it follows that did2 = 0, and this shows that the 
measures vi and 1^2 are disjoint. □ 

Remark 2.14. Equation (35) shows that any pair /xi, //2 of Radon probability 
measures on S{A), such that 

6(/ii) = 2/1,6(^2) = 2/2, 
is disjoint. This strengthens Proposition 2.5. 
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3. Separation of the Set of the Pure States 

In this part we shall extend to the general, possibly non-separable, case 
two theorems obtained by Anderson and Bunce (see [2]) for separable C*- 
algebras, under the weaker assumption, corresponding to Conjecture 1.1, 
that B separates P{A). We shall also obtain some auxiliary results for the 
proof of the general Stone- Weierstrass Theorem, which will be given in the 
third part, among which a "Separation Theorem" for representations will 
play an essential role. 

3.1. Let / G S{A) and let C C ■Kf{Ay be an abelian von Neumann subal- 
gebra of the commutant i^f^A)' of -Kf^A). 
Let us define 

Ac = C*{'Kf{A),C), Be = C*i7Tf{B),C); 

i.e., Ac is the C*-algebra generated in C{Hf ) by vrj(yl) and C, whereas Be 
is the C*-algebra generated in C{Hf) by TTf{B) and C. We have 

A'c = TTf{Ay nC, B'c = 7Tf{B)' nC. 

It follows that we have A'q = C if, and only if, C is a maximal abelian von 
Neumann rubalgebra of 'Kf{A)'. 
We can prove now 

Proposition 3.1. If B separates P{A), then Be separates P{Ac)- 

Proof. (a) If p G -P(Ac'), thenpovrj G P{A). Indeed, we have -Kp^Ac) = 
C* {■Kp{-K f{A)),T^p{C)), and, therefore, 

C 1 = 7:p{Ac)' = vrp(7r/(A))' n 7rp(C)'; 

since i^p{C) C 7rp(^c')', it follows that 

7rp(7r^(^)y = Cl. 

It follows that ^p is cyclic for (vr^ o vrj)) {A) in C{Hp) and Tip o ttj 
can be identified with iTpO irf, hence, p o vrj G P{A). 
(b) Let now p, q G P{Ac) be such that p\bc = q\bc- Let us choose c G C 
and define 

Pc{a) = p{c*ac), qc{a) = q{c*ac), a G Aq. 
We have 

Pc{l) = qc{l). 

Denoting by 7c this number, we have jc ^ 0. If 7c = 0, then 

Pc{a) = qc{a) = 0, a G Ac- 
If 7c > 0, then 

7c-Vg^'(^c), 1-\c^P{Ac), 
and, therefore, 

bc^Pc) o vr/ G P{A), (7,-^gc) o vr/ G P{A). 
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Since we have that 

iilc'Pc) o vr/) I B) = {{^^\c) o TTf) I B), 
it follows that 

ilc^Pc)°TTf = (7c^^9c) ovr/, 

and this implies that 

p{c*-K f{a)c) = q{c*'iT f{a)c), a £ A. 

It follows that the equality holds for any c G C, and any a £ A; 
and, therefore, by linearity and continuity, p = q. The Proposition 
is proved. 

□ 

Corollary 3.2. If B separates P{A), then the restriction mappings 
r: S{A) S{B) and rc: S{Ac) S{Bc) 

are admissible. 

Proof. Since B separates P{A), and Bq separates P{Ac), from [7, Propo- 
sition 11.1.7] it follows that r{P{A)) C P{B) and rc{P{Ac)) C P{Bc), 
which means exactly that the mappings r and rc are admissible (see [19, p. 
527]). □ 

Remark 3.3. Since r and rc are surjective, it follows that r{P{A)) = P{B) 
and rc{P{Ac)) = P{Bc)', therefore, the restrictions 

f: P{A): P{B), rc : P{Ac) ^ P{Bc) 

are bijections. 

3.2. Let us now assume that C C T^fiA)' is a maximal abelian von Neu- 
mann subalgebra. Let fc = oj^oAc be the restriction of the vector state oj^o 

on C{Hf) to Ac, and let fic be the maximal orthogonal (central) measure 
on S{Ac), corresponding to the maximal abelian von Neumann subalgebra 
C = A'q, with the barycenter b{fic) = fc- 

Since jic is a maximal Radon probability measure on S{Ac), it follows 
that the direct image uc = (?'c)*(/^c) is a maximal Radon probability mea- 
sure on S{Bc) (see [19, Theoreme 6]. 

We have that Pc^,^ = &cHf, where ac G B'(j is a projection. It follows 
that 

ec G C. 

From [1(S, Theorem 19], it follows that the measure uc is maximal orthogonal 
on S{Bc), corresponding to the maximal abelian von Neumann subalgebra 

Cec C ecB'cec- 

Since any element of Cec commutes with any element of ecB'f^ec, it 
follows that 

(38) Cec = ecB'cec. 
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From 

C C -KfiA)' C vr/(B)', 

it follows that 
and, therefore, 

(39) Cec = ecC D {i^fiB)' n vrj(S)") ec- 

we have 

where G ttj^B)' is a projection. We shall prove now 

Proposition 3.4. // S separates P{A), then for any z £ TTf{B)' n TTf{B)" 
there exists a uniquely determined c G nf^B)' D TTf{B)" {cb}' , such that 
ZCB = ces- 

Proof. From eq. (39) we infer that for any maximal abelian von Neumann 
subalgebra 

C C TTfiA)' 

there exists a c € C, such that 

zee = ecz = cec = ^cc- 

(a) The element c G C is uniquely determined. Indeed, if 

ciec = C2ec, 

then ci^j = C2^j, and this implies that ci = C2, because .^j is sepa- 
rating for 7rj(j4)'. 

(b) The element c does not depend on C. Indeed, with an obvious nota- 
tion, for any two maximal abelian von Neumann subalgebras 

Ci C TTfiA)' and C2 C TTjiA)', 

there exist ci G Ci and C2 G C2, such that 

eciZ = zeci = cieci = ec^ci, 

eCiZ = zec2 = C2ec2 = ec2C2- 

It follows that 

CbZ = ZCB = CiCB = CBCi, 
CBZ = ZCB = C2eB = eBC2, 



because cb < ecn^B < ecj- As above, it follows that ci = C2, 
because ci,C2 G 7rj(^)'. It follows that there exists an element c G 
C, such that 

ZCB = CbZ = CCb = CbC. 

Since f\C = vrj(j4)' n iTf^A)" , the Proposition is proved. 

□ 
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Corollary 3.5. We have that 

{TTfiBY n nfiB)") SB C {iTfiAy n TTf{A)" n {es}') es 
and the mapping 

$ : TTfiB)' n TTfiB)" TTfiA)' n TTfiA)" D {cs}', 

determined by 

zeB = <^{z)eB, Z eTTf{B)' riTTfiB)", 
is a (*)-homomorphism. 

We can prove now the following 
Theorem 3.6. If 1 & B and if B separates P{A), then 

r{F{A)) C F{B). 

Proof. For any / € F{A) we have 

TTfiA)' riTTfiA)" = CI. 

From Corollary 3.5, we infer that 

(40) {nfiB)' n TTfiB)") eB = CeB. 

Since TTj.(f) can be identified with 

b ^ TTf{b)eB, 

from eq. (40) we infer that r(/) € F[B). The Theorem is proved. □ 

Remark 3.7. Theorem 3.6 is an extension, to the possibly non-separable 
case, of [2, Corollary 3, p. 364]. 

3.3. Let us now consider the set 

iv = {/G^*ir = /,ii/ii<i,/Ib = o}. 

It is a compact convex subset oi A* . lib ^ A, then N ^ {0} and for any 
fo £ exN, we have 

ll/o|| = l. 

As above, let /o = /i — /2 be the Jordan-Hahn-Grothendieck decomposition 
(see [11, Theorem 3.2.5]). Then 



ll/l|| = ll/2 




and 

2/i G S{A), 2/2 G SiA), fi\B = f2\B. 

Since ||/i — /2II = ||/i|| + II/2II, it follows that the states 2/i and 2/2 are 
orthogonal (see [18, Lemma 6]). Let us define 

(41) / = /l + /2. 
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By a theorem of Godement (see [15] and also [iG, Theorem 4.1]), it follows 
that the representation ttj identifies with 

with the cyclic vector 

(?2/i'C2/2) • 



Theorem 3.8. Ifl£ B, if B separates P{A) and if B ^ A, then Trf{B)"eB 
is a factor; i.e., r[f) G F{B). 

Proof let ef : Hf^ © Hf^ Hf^ © {0} and : Hf^ © Hf^ {0} © Hf^ be 
the corresponding orthogonal projections. We have e^,e^ € 7rj(A)', and 
also 



MB) [C'2f,,0j=ef{Hf,®Hf,). 



where ef and ef are projections in 'Kf{By, given by 
B_fef 0\ ^B_fO 



"1 =V0 0^' ''={0 ef 

where ef G 'Kf^{By and € T^fiB)' are the projections described in Sec- 
tion 2.2. 

Of course, we have 

ef < ei and ef < e^. 
Let now e', e" S T^f{B)' n Tif{B)" be projections such that 

e + e =1. 

Since = /2|_b, there exists a uniquely determined partial isometry 
V S TTf{By, such that 

and v*v = ef ,vv* = ef . Of course, v is of the form 

0\ 

V oy ' 

where Hj^ — t- iifjj is the partial isometry described in Section 2.2. 
With 

/i(«) = ^(^/i{a)^2/je2°/J, «G A 

/2(«) = \ (vr/.(a)C2°/. I e2°/J , aeA, 
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let us define 



/((«) 


1 

~ 2 


(vr/,(a)e;e2°/, 


e'l'^^/i) ' 


a £ A. 


flia) 


1 

~ 2 


(7r/i(a)e'i'^2/i 




a £ A. 


/2(a) 


2 

~ 2 


(7^/2(0)62^2/2 




a £ A. 


/2(a) 


2 

~ 2 


(^/.(«)4'e2°/2 


1 ^2^2/2) ' 


a £ A. 



±' i ^ J L \ — / / Z' Z ^ J A \ — / J Z \ — / J: J 

tions determined as follows. 

Any 7r/(a),a S A, is of the form 

-/(«) = °r ,1 

^ V 7r/2(a)y 

and any a' £ ttj (A)' is of the form 

V"21 '^22/ 

where a[j: Hf. — )• -ff/j,i = 1,2, are linear bounded operators satisfying the 
conditions 

«ii7r/i(a) = 7r/^(a)a'n, a e A, 

«i27r/2(a) = 7r/^(a)ai2, a £ A, 

4i7r/i(a) = 7r/2(a)a2i, a E A, 

"■'22'^ f2 («) = 7r/2 (a)a22, a £ A. 

It follows that any z £ 7r/(A)' n 7r/(yl)" is of the forr 

-(0 1: 



where 

Zl £ TTf, (A)' n TTf, (A)", Z2 £ TTf, {A)' H TTf, (A)". 

Similarly, the projections e' , e" are of the form 



" ' e'2 j ' V 62 



\ u ^2 / \ u e2 / 

where e[,e'l £ tt f^{B)' r\TT f^{B)" and e'2, e'2' £ ^tt f^{B)' r\TT f^{B)" . It follows 
that 

ei + 61 = 1, 62 + 62 = 1. 
By Corollary 3.5, we have *-homomorphisms 

$1 : 7r/,(S)' n ^/,(i?)" ^ 7r/,(^)' n 7r/,(A)" n {ef }', 

such that 

zef = $,(z)ef, zG7r/,(S)'n7r/,(S)", i = l,2. 
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Then we shall have 

= I (^/.(a)^.G)^2/. I , a GA,i = 1,2, 

because ^i{e[) is a projection in the center of tt" (y^)- 
Similarly, we have 

/f («) = I {^MMa'm°2f, I ^2°/,) , a eA,i = 1,2. 
It follows that 

flia) + fl'ia) = \ {iTfXa)^M + O^u I ^v) 

= i(7r;,(a)$,(e: + e'/)efC2°/jC2°/J 

= \{^fXa){e[ + e'l)efe2fAe2f) 

= ^(-/,(a)^2°/jC2°/J 

= fi{a), a £A,i = 1,2. 

For b G B, we have 

= ^(vr/.(6Ke2°/JeU2°/J 
= ^(^/.(%>*^e2°/JeU2°/J 
= ^(vr2/,W^;*e'27;e2\ Ie'ie2°/J 
= \{v*7rf,{b)e',ve2f,\e[ey^) 

= \{^f.me2fjve[e,f^) 

= ^(vr/.(6)e'2e2°/Je'2<J 
= ^(vr/.(6)e'2e2°/j4e2°/J 

= m, 

and, similarly, 

/('W = f2{b), b G 
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We then have /f G A*, > 0, /f > 0, for i = 1,2, and 
/i-/2 = (/{-/^) + (/r-/D, on A 

and also 

j^/ 1 f/\ til I I 

i\\B — hlB, Ji Is — h l-B- 

Assume that 

(42) ||/(-/^|| >0, and 

(43) ||/i-/2||>0. 

Then we have 

/o = /i — /2 

= II/1-/2IIf77-^ + II/('-/2 

We have also 



fi _ fi fii _ f" 

f/|| Jl J2 I II W/ _ Jl J2 

||^,_^,|| +11/1 



\\f[ - f2\\ < /((I) + m = 2 iiei^2Vf + 2 



1 11 / 11 9 1 
2 

>'fe\,e2°/JiP. 



Let us now consider the self-adjoint linear functionals 
Fr.7rf{A)"^C, i = 0,1,2, 

given by 

m ^o(a) = Fo ( ) ) = i (a,e2V I ^h.) " ^ («2e2^. I ^2°/.) 

(45) F.(a) = (("J ° )) = ^ {a^Ch. I ^2/J ,^ = 1,2, 



for 



We have 



aj ^ • 



fi = Fi07Tf, i = 0,1,2, 



and 

(46) Fo = Fi - F2. 

Since Fj,i = 0,1,2, are ifQ-continuous, from the Density Theorem of 
Kaplansky it follows that eq. (46) gives the Jordan-Hahn-Grothendieck de- 
composition of Fq and, therefore, there exists a unitary self-adjoint element 
u G TTf{A)" , of the form 

'ui 

U2, 
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such that 

(47) Fi (a) = Fo (pa) = Fo{ap), for a G tt/ (A)" , 

(48) F2(a) = -Foip'a) = -Fo(ap'), for a G 7rf{A)". 
Here p and p' are projections in 7r/-(y4)", given by 

u = p — p" , p + p' = l. 
(see [14, p. 31]). Of course, p and p' are of the form 

^"VO W' ^ "lo P2 

where pi and are projections in 'Kf.{A)" . 
With Si = 2pi — 1, i = 1, 2, we shall have 

(49) ^1^2°/, = ^2^ 

(50) "2^2°/, = -^2°/,- 

Indeed, from eqs. (44), (45) and (47) we obtain 

(51) ((1 - pOaiCsV I e2fj = - (^202^2°/, I Cy,) , 

for any a = ) ^ '^fi^)" ■ particular, for a = 7rj(ao), oq £ we 

obtain from eqs. (49) and (50) that 

(52) ((1 -pi)vr/,(ao)e2\ I ^2/,) = " (P2vr/, (00)^2°/. I ^2°/,) 

holds for any cq G A. Because the vector (^'^2/1 ' ^2/2) cyclic for the 
representation ttj, from eq. (52) we obtain that 

((l-Pl)6IC2°/J=-(P26lC2°/J, 

for any ^1 G Hi, and any ^2 G -^^2, and this implies that 

(l-Pi)e2/i =Oand ^2^2/2 =0; 

eqs. (49) and (50) are established. 
It follows that we have 

(/( - f2)in) = I {mMe[)e2^ I «&i(ei)e2°/J - ^ (n2«&2(e'2)e2°/2 I Me2)^'2f,) 



2 

^ll«J>i(e'i)^2\f + ^ll^2(e'2)^2°/JP 
^l|e;e2°/JP + ^l|e'2e2°, 



2 

We infer that 



'"^'(e2°/.,C2°/Jf. 



1 
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Similary, we have 

\\n-m = \\\e{e2f..ey;)\\\ 

and, therefore, 

ii/(-/^ii + ii/r-/2ii = i- 

Since /o G exiV, it follows that 

Wf'l - f2\\-'U'l - /2) = Wfl - m-'ifl - /2 ) = /o. 
By the uniqueness of the Jordan-Hahn-Grothendieck decomposition, this 
implies that 

/i = ii/(-/2irV{ = ii/r-/2irVf, 
/2 = ii/(-/2irV2 = ii/"-/2irV2- 

It follows that we have 

$i(e;) = $2(e'2) = ||/{-/^||-l 
<^i(e'i') = ^2(e'2') = ll/f-/^'l|-l, 

and this implies that 

ll/{-/^ll = ll/f-/^'ll = l, 

because ^i{e[) and ^i{e'l) are non-zero projections, due to assumption of 
eq. (46). Since the last equalities lead to contradiction, it follows that we 
have either 

(a) ||/{-/^|| = land ||/{' - /^'|| = 0, or 

(b) ||/{-/^||=Oand ||/{'-/^|| = l. 
In case (a), we have 

fo = f[ — /2; 

and, therefore, 

l = ll/o|| 
< 11/111 + II/2II 

= I {Me[)e2f, I ^2°/,) + I {Me'2)e2f, I e2°/J 



2 



2 I 



2 

< 1. 

From the uniqueness of the Jordan-Hahn-Grothendieck decomposition, 
we infer that 

f[ = fi and /2 = /2. 
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This gives 

^i{e[) = 1 and ^2(62) = 1, 
from which we infer that 



we also obtain 



which give 



It fohows that 



Since we have 



it follows that 



6^6^ — 6^ and ^2^2 — ^2 ' 



^>i(ei) = and ^'2(62) = 0, 



e'/ef = and 626^ = 0. 



e i R = 0. 



eB < 



ef' 



e"eB 



Similarly, in case (b) we have 

eeB = 0. 

This shows that and 1 are the only projections in {-Kf{By /\tt f{B)")eB- 
The Theorem is proved. □ 

Remark 3.9. The preceding Theorem is an extension to the general, possibly 
non-separable case, of [2, Proposition 18, p. 373]. 

The following is an extension of [2, Proposition 16, p. 372]. 

Proposition 3.10. If B separates P{A) and if each factor state on B has 
a unique state extension to A, then B = A. 

Proof. With the constructions and notations in Section 3.3, assume that 
B ^ A. Then 

(53) = /2b, 

(54) 2/i|b = /Ib, and 

(55) 2/2IB = f\B. 

By Theorem 3.8 it follows that both states 2/i and 2/2 of A are extensions 
of the factorial state /|s £ By the assumption of the Proposition it 

follows that 2/1 = 2/2 and this leads to the contradiction /o = 0. The 
Proposition is proved. □ 
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3.4. The following is a "Separation Theorem", which will be used in the 
proof of our generalization of the Stone- Weierstrass Theorem. 

Theorem 3.11. Let A he any unital C* -algebra and let B C A be a C*- 
subalgebra, containing the unit element 1 of A. Then, if B separates P{A), 
disjoint representations of A restrict to disjoint representations of B. 

Proof. Let vri : A — t- C{Hi) and ii2'- A ^ ^{^2) be two disjoint represen- 
tations of A. We shall prove that the restrictions vrij^: B — t- C{Hi) and 
'K2\b'- B — )• C{H2) are disjoint. 

Indeed, by contradiction, let w : Hi — t- H2 be any non-zero partial isome- 
try, such that 

■K2{b)w = W7ri{b), b £ B. 

Then ■w*w = ei and ww* = 62 are projections, such that ei € tti^B)' and 
62 e TT2{By. 

Let us consider the representations 

pi : TTiiB) C{eiHi) and p2 : tt2{B) ^ C{e2H2), b G B, 

given by 

/Oi(vri(6)) = ei7ri(6) and /92(vr2(6)) = e27r2(6), b£ B, 
and define the mapping 

TTi{B)ei 7r2(S)e2, 

by 

^{7ri{b)ei) = W7ri{b)w* , beB. 

Then $ is an isomorphism of C*-algebras. Let p2 G P{'K2{B)e2 and define 
Pi = P2° ^- Then pi G P{7ri{B)ei), and 

pi(7ri(6)ei) = pi(^>(7ri(6)ei)) = p2(i'^vri(6)i(;*) 

= Pi{7r2{b)ww*) = p2{'K2ib)e2), b£B. 

Let us define qi and 52 by 

gi(7ri(6)) = pi{pi{TTi{b)), q2{'^2{h)) = P2(p2(vr2(&)), b ^ B. 

By Proposition 2.1, we can identify vr^j and vr^j with vrpjOVTp^ and VTpjOvrpj, 
respectively, from which we infer that qi G P{tti{B)) and 52 G P{'^2{B)). 

Since 7ri(-B) separates -P(7ri(74)) and vr2(i?) separates P(7r2(A)), it follows 
that has a unique extension ri G P(7ri(^)), such that ri 1,^^(5) = 91, and 
§2 has unique extension r2 G P(7r2(A)), such that r2|^2(B) = 

Let us define 

si(a) = ri(7ri(a)), and 52(0) = 'r2(vr2(a)), a G ^. 
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Then we have 



si(6) = ri(7ri(6)) = (7i(7ri(6)) 

= pi(pi(7ri(6))) = pi(ei7ri(6)) 
= P2(vr2(6)e2) = P2(p2(7r2(6))) 
= q2{-^2{b)) = r-2(7r2(6)) 



beB. 



Since si and S2 belong to P{A), it follows that si = S2, because B sepa- 
rates P{A). 

We obtain the following commutative diagram 



A- 



01 



id 



7ri(A) — 7ri(^)/L,, ^ 7r2(^)/L, 



vr2(A) 



where 0i is defined by 

(57) ei{esM) = OrMi{a)), «eA 

and 02 is defined by 

(58) 02 (^S2 (a)) = 0.2(712(0)), ogA 
From 

(6'rj(7ri(ai)) I 0ri{TTi{a2))) = n(vri(a2)*7ri(ai)) 

= ri{iTi{a*2ai)) 
= si{alai) 
= (6'si(ai) I Os^{a2)) , 

(6',.2(vr2(ai)) I 6'r.2(7r2(a2))) = r2(7r2 (02)* 712(01)) 

= ?'2(vr2(a.2ai)) 
= 52(0201) 
= (^'^,2(01) I 6^^*2(02)) , 



oi, 02 G A, 



and 



ai, 02 G ^, 



it follows that the definitions (57) and (58) are correct and the mappings 
61 and 02 extend to unitary operators between the corresponding Hilbert 
spaces. 

Let us define 

wq = 620 6^^. 
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Then wq is a unitary operator wq : H^.^ — )• Hj.,^ , for which we have 
woTTi{ai)9r^{TTi{a2)) = wo^'n (vTi (0102)) = {O2 o^i^) (6'ri(7ri(aia2))) 

= 6'2(vrs2(ai)6's2(a2)) = 6*2 (6's2 (0102)) 

= 6'r2(7r2(aia2)) = 6'r2(7r2(ai)7r2(a2)) 

= ■n-2{ai)0r^{TT2{a2)) = 7r2 (ai) 6*2 (6*52 («2)) 

= Mai)02ies,{ai)) = Mai) {O2 o 9^^) (^.^ (711(02))) 

= 7r2(ai)u)o(6'ri(7ri(a2))), for 01,02 £ A. 

This gives that 

^i'o7ri(ai) = TT2{ai)wo, ai G A, 

and, therefore, we have that wq = 0, because vri and 7r2 are assumed to be 
disjoint. This imphes a contradiction and the Theorem is proved. □ 

We shall say that two states /i, /2 S 'S'(^) are disjoint (notation fi /2) 
if the corresponging cyclic representations are disjoint; i.e., ttj^ ttj^. We 
can prove now 

Theorem 3.12. If B separates P{A) and if fi and f2 are two disjoint states 
of A, then their restrictions r[fi) and r{f2) are disjoint. 

Proof. As remarked in the proof of Theorem 3.6, the representations vr,^(/j) 
can be identified with subrepresentations of the restrictions ttj. j^, i = 1,2; 
and subrepresentations of disjoint representations are disjoint. □ 

3.5. In this Section we shall prove a converse to Theorem 3.6; namely, we 
have 

Theorem 3.13. If 1 e B and if B separates P{A), then f G S{A) and 
r{f) e F{B) implies f G F{A). 

Proof. (a) Let /i G S{A) and /2 G 'S'(^) be two disjoint states of A. 
Then fi and /2 are orthogonal (notation fi _L f2] see [17, Lemma 
6]). 
Define 

/ = A/i + (1 - A)/2, 

where A G (0, 1). 

Let TTj: j4 — )• C{Hi), i = 1,2, be the representations obtained by 
the GNS-construction, corresponding to fi, with the cyclic vector 
40GF„i = l,2. 

Since /i _L /2, vrj can be identified with 

7rie7r2: A^ C{Hi® H2), 
with the cyclic vector 

^/ = (^^?, Vl^if) €H^(B H2. 
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Since /i and /2 are assumed to be disjoint, we have 

(vri e TT2){Ay = TTi{Ay e TT2{Ay and 

(tti e 7r2)(A)" = ^i(A)" e 7r2(A)" 

(see [11, theorem 3.8.11]. 
Let 

ei: Hi®H2^ e{0}, 

62 : i^i e i?2 ^ {0} e H2 

be the corresponding orthogonal projections. Then we have 61,62 € 
'Kf{A)\ and also 



7ri(i?)e? = e'sHi, 

712(3)^^ = e"BH2, 

where e'^ G 7ri(i?)' and e"g € 7r2(i?)' are projections. The represen- 
tation 

identifies with the mapping 

B Bb^TTi{b)eB G Cie'sHi), 
whereas the representation 

^f2\B'- B^C{Hf.^\^) 
identifies with the mapping 

b3b^7r2ib)e'B £Cie'BH2). 
Similarly, the representation 

identifies with the mapping 

B 3b^ (vri(6) e7r2(6))eB, 
where G 'iTf{By is the projection determined by 



{7Ti(B7r2){B)ef = eb{Hi®H2 
and it is of the form 

fen 612' 

Ve21 622, 

It follows that 

vri(fe)eii = 6ii7ri(6), TTi{b)ei2 = 612712(6), 

Vr2(6)621 = e2lVri(6), 7r2(6)622 = 6227r2(6), 

for any b & B. From 

(VTI e 7T2){B)Cj C (^l(S) © 7:2{B))ff 
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we infer that 

CB < e eg, 

and, therefore, 





= 65611 


= 611 




= 65612 


= 612 


62165 


= 65621 


= 621 


II 

62265 


II 

= 65622 


= 622 



Prom eqs. (59) and (60) we obtain 

7r2(5)65621 = 62l657ri(6), 6 € 

7ri(&)656i2 = 6i2657r2(6), h£ B. 

Since the states /i and /2 are assumed to be disjoint, by Theo- 
rem 3.12 the restrictions /1I5 and /2I5 are disjoint. From eqs. (60) 
and (61) we infer that 

621 = 65621 = 62165 = 0, 

612 = 65612 = 61265 = 0, 

because there are no non-zero intertwining operators for T^f^\g and 

On the other hand, 'Kf\g{B)' can be identified with cbt^ f{B)' es- 
Any operator h' G cbt^ f^B)' cb is of the form 

with entries satisfying the following identities 

enb'ii = b[i = 611611, 622621 = ^21 = ^21^11, 
eii6'i2 = b'i2 = 612622, 622622 = 622 = 622622, 

and 

7ri(6)6;i = 6;ivri(6), ^2(6)6^21 = 6'2i^i(6), 

^1(^)^12 = ^'12^2(6), 7r2(6)622 = 6227r2(6), 

for any b € B. Conversely, for any matrix as in eq. (64), whose 
entries are bounded linear operators b'- : Hj — > Hi, i = 1,2, satisfying 
eqs. (65) and (66), we have that 

b' G eBT^f{B)'eB- 

Prom eqs. (60), (65) and (66), we obtain that 

7ri(6)656i2 = 612712(6)65, be B, 

7r2(6)65 62i = 62i7ri(6)65, be B, 

and this implies that 



ON THE STONE- WEIERSTRASS THEOREM 



35 



because, as above, /2|_b- This imphes 

(67) eBi^f{B)'eB = (eii7ri(5)'eii) © (e22vr2(S)'e22) 

(68) ^f{B)"eB = (vri(S)"eii) © {iT2{B)"e22) • 
From eqs. (67) and (68) we infer that 

(69) [eBTTf{B)'eB) n {^f{B)"eB) 

= [(en7ri(5)'en) n {t:i{B)" e^)] © [(e22vr/(S)'e22) n (^2(S)"e22)] 

and this shows that r(/) is not factorial, 
(b) Let now / e S{A) be any state which is not factorial; i.e., / ^ -^(^)- 
Then we have that 

^f{A)' r\TTf{A)" ^Cl. 

Let e', e" G -7r/(^)'n-7rj(^)" be two non-zero projections, such that 
e' -I- e" = 1. Let us define 

/'(a) = lle'^oir^ (vr^(a)e'eo I e'e^) , a e A, 

f"{a) = \\e"es\\-'{^f{a)e"ef\e"es), a ^ A. 

Then /' E s{A),f" G S{A),f' /" and 

/ = A/' + (1 - A)/", 

where 

A=||e'eyf, 1-A=||e"eyf, 

and A G (0, 1). From eq. (69) it follows that /|s is not factorial. The 
Theorem is proved. 

□ 

Corollary 3.14. If B separates P{A), then the states 2/i and 2/2 described 
in Section 2. 2 are factorial. 

Proof. We have r(2/i) = r(2/2) = r(/), and r(/) G F{B), by Theorem 3.13. 

□ 

Remark 3.15. Theorems 3.6 and 3.13 can be formulated as follows 
Theorem 3.16. If \ ^ B and if B separates P{A), then 
r{F{A)) = F{B) and r-^{F{B)) = F{A). 

4. Separation of the Set of the Factorial States 

4.1. We shall prove in this Section our generalization of the Stone- Weier- 
strass Theorem. Indeed, we have 

Theorem 4.1. Let B he a C* -subalgebra of the unital C* -algebra A, con- 
taining the unit element of A. If B separates F{A), then B = A. 
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Proof. By contradiction, assume that B ^ A. Then the set A^, defined in 
Section 2.2, is not reduced to {0}. Consider any /o G exN. We shall have 
the Jordan-Hahn-Grothendieck decomposition /o = /i — /2- Define /i + /2- 
Since B separates F{A), it separates P{A) and then, by Theorem 3.8, we 
have that r(/) G F{B). From Theorem 3.13 we infer that / G F{A). Since 
r(2/i) = r(2/2) = r(/), it follows that 2/i G F{A) and 2/2 G Since 
B separates F{A) and r(2fi) = r(2/2), it follows that fi = /2, and this 
implies that /o = 0, a contradiction. The Theorem is proved. □ 
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